We find linearly independent solutions of the Goncharov-Firsova equation in the case of a massive complex scalar field on a Kerr black hole. The solutions generalize, in some sense, the classical monopole spherical harmonic solutions previously studied in the massless cases.
Introduction
A spherical harmonic u(z) of one (real or complex) variable z can be defined as a solution of the linear differential equation
where ν and µ are fixed parameters. A full discussion of this equation can be found in Chapter 7 of [6] , for example. For fixed parameters A, B, C and a, one can consider, more generally, the linear differential equation
Although solutions of (2) are known, we present a brief uniform approach based on the elegant theory of hypergeometric type equations developed by A. Nikiforov and V. Uvarov [9] . This approach allows us to construct, for example, explicit generalized monopole spherical harmonics, without the imposition of classical "quantization" (or integrality) conditions. The classical theory is developed in N. Vilenkin's book [10] , for example. To provide a context for these solutions we give a slightly more general construction of the Wu-Yang quantized angular momentum operators [12] . In this paper we also find the general solution of the specific differential equation
of Y. Goncharov, N. Firsova, equation (8) of [1] (where no solutions are presented) which occurs in their work regarding topologically inequivalent configurations (TICs) of massive complex scalar fields on Kerr black holes. Note that in the special case when α = 0, (3) reduces to (2) for appropriate choices of A, B, C, a. We also address the question of the orthogonality of our solutions to (3) by transforming the equation to Bôcher's equation [7] , and observing that the latter, in fact can be written in Sturm-Liouville form. Thus we prove the orthogonality conjecture posed in [1] . We remark that the parameter α relates to the black hole mass and angular momentum. The general program is the study of TICs of various fields on Kerr and other black holes, specifically in regards to their additional contributions to quantum effects. These configurations, especially for non-zero n in equation (3) of the paper, the so-called twisted case, at the physical level are linked with the presence of Dirac monopoles (given the quantization of charge condition) which are regarded as quantum objects residing in the black hole, and they are linked with the increase of Hawking radiation-a quantum effect.
The Setting for Equation (3)
We provide in this section a brief sketch of how equation (3) arises and the meaning of the parameters λ l ,μ, α, m, n, k. The space-time vicinity of a rotating spherical object of mass M and angular momentum J is described by the Kerr metric ds 2 given as follows, where r, θ, ϕ are spherical coordinates (with 0 ≤ θ < π and 0 ≤ φ < 2π), c is the speed of light, G is Newton's gravitational constant, and r S def.
= 2GM/c 2 is the Schwarzschild radius:
where a def.
= J/Mc and Σ def.
= r 2 − r S r + a 2 . This metric, which is an exact vacuum solution of Einstein's field equations, is used to describe a rotating black hole. When a = 0, that is J = 0, the solution reduces to the Schwarzschild solution. For convenience, we will choose c = G = 1.
The authors Y. Goncharov, N. Firsova (G-F) have studied the contributions to Hawking radiation of TICs of complex scalar fields on several classes of black holes [2, 3] . Such configurations can exist due to the non-triviality of the black hole topology X = R 2 × S 2 , and they correspond to smooth sections of complex line bundles L over X, which in turn are characterized by their Chern numbers n ∈ Z (for Z the set of integers). This is the meaning of the n in Equation (3) .
L has curvature F = dA (where d denotes exterior differentiation) where in [3] a gauge choice of the connection 1-form A is given by
where the electric charge e (the coupling constant) satisfies the Dirac quantization of charge condition
q being the magnetic charge. By this gauge choice, the Maxwell equations dF = 0, d * F = 0 hold (where * is the Hodge star operator), and moreover one has the Goncharov-Firsova wave equation
where 2 is the Laplace-Beltrami operator of the Kerr metric. A separation of variables leads to a complete set of solutions in L 2 (X) of the following form
with m ∈ Z, |m| ≤ l, l = |n|, |n| + 1, |n| + 2, . . .; see page 1468 of [3] . The radial functions R(r, ω, m, l, n) are subject to a complicated secondorder ordinary differential equation in the variable r, while the S l satisfy equation (3) for z = cos θ, α def.
= µM, and for suitable eigenvalues λ l indexed by l. As stated in [1] , [4] , solutions of the wave equation are necessary to compute contributions of TICs of complex scalar field on a black hole background; to calculate the expectation of the stress energy tensor, one requires the wavefunction explicitly; see [1] , page 1469. Solutions of the wave equation govern perturbations of the Kerr metric (4) (as is well known) such as those created, for example,when an orbiting body distorts the gravitational field of the black hole.
Generalized monopole spherical harmonics
We indicate how solutions u(z) of equation (2) give rise to certain generalized monopole spherical harmonics. Without loss of generality, we may assume that A = 0 in equation (2) by the following trivial argument. Assume the equation
can be solved for any choice of parameters a, B, and C. In turn, one may then solve (2) by replacing a and B in (9) with a−A and B + A, respectively, keeping C the same in both equations. We associate to (9) the parameter a 0 = a 0 (B, C) defined (up to a choice of sign) by
which will play a key role throughout this section. Note that B − a
2 , which means that equation (9) can be written as
That is, equation (11) compares exactly with the Wu-Yang equation (23) of [12] if the correspondence Θ ↔ u, l(l + 1) ↔ −a, q ↔ a 0 , m ↔ −C/a 0 between their notation and ours is made. Alternatively, we can define
in which case equation (11) assumes the form
which is an abstract version of equation (22) of [12] . We define abstract Wu-Yang quantized angular momentum operatorŝ
L z def.
in spherical coordinates x = r sin θ cos ϕ, y = r sin θ sin ϕ, z = r cos θ. Then forL
it is possible to show that
Analogous to the functions
in the classical theory of spherical harmonics, with l, m ∈ Z, l ≥ 0, |m| ≤ l, where P |m| l is an associated Legendre function, we define the functions
Then, using equation (13) one can show that forL z defined in (14) and for L 2 computed in (16) the following holds:
Given the above correspondence Θ ↔ u, l(l + 1) ↔ −a, m ↔ −C/a 0 , the equations in (19) compare exactly with the formulas for the action of classical quantum mechanical angular momentum operators on hydrogenic wave functions, which is not surprising as the latter functions involve spherical harmonics. See, for example, equations (5.4.5) and Theorem 5.2 of [11] ; also compare equation (15) of [12] . Thus, by way of definition (10), a solution u(z) of equation (9) gives rise to an abstract monopole harmonic Z(ϕ, θ) in definition (18). Of course, in [12] the monopole harmonics are properly viewed as fiber bundle sections. We now outline a general technique to solve equation (9) (equivalently (3) with α = 0), which we write as
. As σ(z),σ(z),τ (z) are polynomials with deg σ(z),σ(z) ≤ 2 and deg τ (z) ≤ 1, we see that equation (20) is in fact an equation of hypergeometric type in the sense of Nikiforov and Uvarov [9] . Thus, we can apply their elegant, universal technique, which provides in particular an associated, canonical quantization condition for equation (9)-without the usual recourse to power series methods. The idea is to construct a canonical form of equation (20), which is also of hypergeometric type and whose solutions relate to those of (20). For this, one proceeds as follows, where full details are also presented in Chapter 4 of [11] . Here we consider the more general case with C = 0, for example. In practice C = mn for a "magnetic quantum number" m and Chern number n of a black hole configuration, as in equation (3). Given κ ∈ C, define f κ = 1 4 (τ − σ ′ ) 2 + κσ −σ, which is a polynomial of degree ≤ 2. Assuming that the discriminant ∆(κ) of f κ vanishes, one can find a polynomial square root p(f κ ). In fact, we can choose p(z) = a 0 z − C/a 0 , for a 0 in definition (10) , where C = 0 ⇒ a 0 = 0. Then for π 0
, it is shown in [9, 11] that if the functions u(z), y(z) are related by u(z) = Φ(z)y(z) for a function Φ(z) that satisfies Φ ′ = Φπ 0 /σ (say Φ(z) = exp π 0 (z)/σ(z)dz), then u(z) solves equation (20) (equivalently equation (9)) if and only if y(z) solves the simpler, canonical equation
which in our case is
On the other hand, under the change of variables v(z) = y(−1 + 2z), equivalently y(z) = v( ), equation (22) is transformed to the classical Gauss Hypergeometric Equation
with α = Also, we can take Φ(z) = (1−z) α/2 (1+z) β/2 on |z| < 1, for α def = a 0 −C/a 0 , β def = a 0 + C/a 0 and thus obtain the solution
of equation (9) on |z| < 1, among other possible solutions. Notice that this construction always gives rise to single-valued waves, since we consider the restriction |z| < 1, a simply connected domain where the logarithm is defined. The corresponding generalized monopole spherical harmonics Z(ϕ, θ) in definition (18) is given by
where α, β, γ are defined as previously. 
(z) on |z| < 1, and
Solutions of the Goncharov-Firsova equation
At this point we turn to solving the Goncharov-Firsova equation (3)
for the spherical component of the solution f ωmln to equation (8) on |z| < 1. Equation (27) assumes a Bôcher form [7] :
where
, for m 1 = m 2 = 2, a 1 = −1, a 2 = 1, and for Q j defined as
Bôcher's equation has a natural suitableness for the application of the Frobenius method. The functions zP (z) and z 2 Q(z) are analytic on |z| < 1 and in particular at z 0 = 0. Consider the power series expansions zP (z) = 
allows us to compute the A n , B n , n ≥ 0. Taking C 0 = 1, we find that
and
Thus, for the larger root β = 1 of the indicial equation, we have expressed a solution S l,1 (z) of equation (27) on |z| < 1 in terms of the parameters α, k, λ l , m, n,μ by the coefficients C j (1), recursively defined.
To obtain a second solution, linearly independent from the first, we use the smaller root of the indicial equation, namely β = 0. Then S l,2 (z)
, where N =larger root -smaller root = 1, we find that
given in the tables, are expressed in terms of Q j from (29), which are in turn, in terms of the physical data.
In summary, we produce power series solutions to Equation (27) having coefficients C j (β), β = 0, 1 encoding the physical data via (29). Notice that the series does not truncate in general, as α is nonzero. However, in the case when α = 0, (3) reduces to (2) and the solutions are hypergeometric functions; in certain instances, such functions reduce further to Jacobi, Laguerre, or Legendre polynomials, among others.
It is interesting to note that the Bôcher equation derived appears in the study of the Willmore functional, or extrinsic Polyakov action. Considering a reduction of the Weierstrass formula for surfaces in R 3 , Konopelchenko and Taimanov examine the system r ′ (x) = −r(x)/2 + 2p(x)s(x), s ′ (x) = s(x)/2 − 2p(x)r(x) in equation (7) of [5] . By choosing potential p(x) = (x − a 1 ) −1 (x − a 2 ) −1 , the equation in r(x) can be re-expressed as a Bôcher equation. Note p(x) assumes the same form as P (z) appearing in (28); in Table 1 : Coefficients C j of series solutions to Equation (27) this case it is not necessary to assume m 1 = m 2 = 2, and the expression for Q(z) becomes a polynomial of degree m 1 + m 2 . One may still view this as an equation of Boĉher type and proceed as before [8] .
Orthogonality of solutions
We may also write equation (3), equivalently equations (27), (28) in SturmLiouville form, from which orthogonality of solutions follows. Setting U(x) = x 2 − 1, −1 < x < 1, we observe that
which means that we can write equation (27) in Sturm-Liouville form
. By general principles, one has orthogonality of solutions. Namely, we have if λ l = λ m , then 
Conclusions
Apart from the presentation of a generalized construction of quantized WuYang angular momentun operators, we provide further knowledge regarding the solutions of the Firsova-Goncharov wave equation (7) . One cannot calculate any of the quantum effects, touched on lightly in the introduction, without information on solutions ψ of the wave equation, even in the simpler massless and untwisted cases, with µ in (6) and n in (3) both equal to zero. For example, ψ and the metric (4) determine the energy momentum tensor, whose vacuum expectation value, in turn, determines the luminosity of the Hawking radiation. On the other hand, due to the complexity of various formulas involved, it is necessary to further develop numerical schemes to facilitate the computations; a numeric algorithm to approximate the eigenvalues λ l of equation (3) is yet in the works. Hopefully, progress on this front as well as other aspects of the general program will be made in future work.
